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ABSTRACT 

There is a common i n t u i t i o n  among those 
in computer science that  prograa~ing 
h e l p s  to d e v e l o p  good p r o b l e m  s o l v i n g  
s k i l l s .  Our work has a t t e m p t e d  t o  
i so la te  the speci f ic  Factors in 
programming wh ich  enhance mathematical 
problem solving a b i l i t y .  We have Found 
that a surpr is ing number oF col lege 
students have d iFFicu l ty  with very simp]e 
a l g e b r a  word p rob lems .  However,  
s i g n i f i c a n t l y  more students are able t o  
solve these word  problems cor rec t ly  in 
t h e  c o n t e x t  oF w r i t i n g  compu te r  p rograms,  
than in the context oF simply wr i t i ng  an 
algebraic equation. We obtained s i m i l a r  
r e s u l t s  i n  compar i ng  t h e  r e a d i n g  oF 
algebraic equations w i th in  compu te r  
programs and the reading oF algebraic 
e q u a t i o n s  by t h e m s e l v e s .  Computer  
p rogramming apparently pu t s  an emphasis 
p r e c i s e l y  on the  a c t i v e ,  p r o c e d u r a l  
semantics oF  equations that many stude;jts 
lack .  

I .  I n t r o d u c t i o n  

There is  a common i n t u i t i o n  among 
those in computer science education that  
computer programming encou rages  the 
d e v e l o p m e n t  oF good p r o b l e m  s o l v i n g  
s k i l l s .  Papert [1971] and the LDCO 
project were early proponents oF th i s  
v iew;  t hey  d e v e l o p e d  a method t o  t eoch  
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geometry by way oF computer programming. 
Underlying t h e i r  view is a recogni t ion oF 
the importance oF "doing,"  oF a c t i v i t y ,  
and oF p r o c e d u r e .  E d u c a t o r s  From Dewey 
t o  P i a g e t  have emphas ized t h a t  i n  o r d e r  
to understand a concept students need to 
take an act ive role. 

This pedagogical i n t u i t i o n  needs to 
be invest igated empi r ica l l y  so that  i t  
can be a r t i cu la ted  more precisely. A 
step in that  d i rec t i on  has been made 
recent ly by Howe, O/Shea, and PIane 
[1979] in a series oF experiments based 
on t he  F o l l o w i n g  pa rad igm:  a c o u r s e  i n  
mathematics is taught in the standard way 
w i t h o u t  i n c o r p o r a t i n g  computP~ 
programming, and simultaneously, the same 
cou rse  i s  t a u g h t  w i t h  compu te r  
programming. Students" masterq oF the 
subJec t  m a t t e r  i s  t hen  compared a c r o s s  
t he  two groups.  I n  such e x p e r i m e n t s  
t h e r e  seems t o  be a c o n s i s t e n t  eFFec t  i n  
Favor  oF i n c o r p o r a t i n g  compu te r  
p rogramming 

The above work m i g h t  be 
c h a r a c t e r i z e d  as e x p e r i m e n t s  on t h e  
"mac ro "  l e v e l ;  i n  c o n t r a s t ,  t h e  work 
r e p o r t e d  he re  has Focussed on t he  " m i c r o "  
level .  That is, we have  attempted to  
d e v e l o p  t o p l s  wh ich  wou ld  e n a b l e  us t o  
i so la te  speci f ic ,  c r i t i c a l  Factors 
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c o n t r i b u t i n g  to the above r e s u l t s .  Thus, 
r a t h e r  than studying an e n t i r e  course, we 
have Focussed on s i ng le  problems. We 
s h a l l  p r e s e n t  r e s u l t s  ( s e c t i o n  ] I )  
concerning the s u r p r i s i n g l y  puo~ 
performance oF co l l ege  students on two 
o s t e n s i b l y  s imple a lgebra  word problems. 
T h e s e  r e s u l t s  s u g g e s t  s e v e r a l  h y p o t h e s e s .  
One i s  t h a t  the e r r o r s  r e s u l t e d  From the 
s tuden ts '  F a i l u r e  to  g ive a procedu]-~l 
i n t e r p r e t a t i o n  to the a l geb ra i c  equat ion.  
A second set oF exper imenta l  r e s u l t s  
( sec t i on  IV) prov ides  s i g n i f i c a n t ,  new 
s u p p o r t  F o r  t h i s  h y p o t h e s i s .  N a m e l y ,  
s tudents do s i g n F i c a n t l y  b e t t e r  on 
c e r t a i n  a lgebra  word problems when  they 
occur in a programming contex t ,  than when 
the same problems occur in a t r a d i t i o n a l ,  
a l g e b r a i c  (non-programming) context .  We 
go on t o  s u g g e s t  s e v e r a l  a s p e c t s  oF 
p r o g r a m m i n g  w h i c h  c o u l d  a c c o u n t  Fo+" t h e  
way in  which t h i s  a c t i v i t y  Fosters a more 
a c t i v e  i n t e r p r e t a t i o n  oF a lgebra  by 
students.  We conclude w i th  a d e s c r i p t i o n  
oF F u t u r e  r e s e a r c h  w h i c h  we hope  w i l l  
Fur ther  e x p l i c a t e  the b e n e f i t s  oF 
programming. 

II~ Experiments w i th  Word problems i n  
T r a d i t i o n a l  A loebra ic  S e t t i o q  

In a prev ious study, Clement, 
Lochhead, and Monk [1979] uncovered two 
os tens i b l y  s imple problems w i th  which 
students had g rea t  d i F F i c u l t y .  In Table 
1 we l i s t  t h e  t w o  p r o b l e m s  and t h e  
p e r f o r m a n c e  r e s u l t s  g a t h e r e d  From 
a d m i n i s t e r i n g  them to  a g r o u p  oF 150 
Freshman students a t  a major s t a te  
u n i v e r s i t y .  F u l l y  37% missed the F i r s t  
problem wh i l e  73X missed the second! 
Even more d i s t u r b i n g  i s  the Fact t h a t  a l l  
the students in  t h i s  sample were 
eng ineer ing majors. D iFF i cu l t y  w i th  
a l geb ra i c  man ipu la t i on  did not  seem 
r e s p o n s i b l e  F o r  t h e s e  r e s u l t s ;  a l m o s t  
a l l  s t u d e n t s  a n s w e r e d  c o r r e c t l y  p r o b l e m s  
w h i c h  t e s t e d  F o r  t h i s  s k i l l  [ C l e m e n t ,  
L o c h h e a d ,  S o l o w a y  1 9 7 9 ] .  N o r  do we F e e l  
t h a t  the s tudents"  d i F F i c u l t y  could be 
e x p l a i n e d  by s a y i n g  t h a t  t h e  p r o b l e m  
c o n t a i n e d  " t r i c k y  w o r d i n g . "  E v i d e n c e  
aga ins t  t h i s  v iew stems From the r e s u l t s  
o b t a i n e d  on p r o b l e m s  such  as  3 i n  T a b l e  1 
( a l s o  g i v e n  t o  e n g i n e e r i n g  m a j o r s ) .  H e r e  
s tudents are given a p i c t u r e  d e s c r i p t i o n  
oF t h e  p r o b l e m  and a s k e d  t o  w r i t e  an  
a l g e b r a i c  equat ion;  t h i s  "non- language" 
problem was missed by 68% oF the 
students.  F i n a l l y ,  we note t h a t  
c o l l e a g u e s  a t  t w o  o t h e r  c o l l e g e s  and 
u n i v e r s i t i e s  have tes ted  s i m i l a r  groups 
and o b t a i n e d  c o m p a r a b l e  r e s u l t s  [ K a p u t  
1979a ,  Monk 1 9 7 9 ] .  

The e r ro r s  made on problems 1 and 
were l a r g e l y  oF one kind; in both cases 
68% oF the e r r o r s  were " r e v e r s a l s " :  6~ = 
P instead oF S = 6P and 4C = 5S instead 
oF 5C = 4S. The consistency oF these 
e r r o r  pa t t e rns  argues aga ins t  the idea 
t h a t  such e r r o r s  were caused simply by 
carelessness. This idea i s  a lso  
d i s c o u n t e d  by t h e  F a c t  t h a t  r o u g h l y  h a l f  
the sub jec ts  were given the Fo l low ing  
h i n t  w i th  both problems. 

"Be c a r e f u l :  some students put 
a number in the wrong place in 
the e q u a t i o n . "  

This h i n t  d id not have a s i g n i f i c a n t  
eFFect~ i t  was assoc ia ted w i th  an 
increase in the percentage oF c o r r e c t  
s o l u t i o n s  by only 3% and 5% r e s p e c t i v e l y .  

~ I I .  I n t e r p r e t a t i o n  ~ Alaeb~a 
E.x~eriments 

How i s  i t  poss ib le  For students w i th  
such weaknesses to surv ive  high school 
and c o l l e g e  science courses? I t  appeat's 
t h a t  t h e s e  s t u d e n t s  h a v e  d e v e l o p e d  
spec ia l  purpose t r a n s l a t i o n  a l go r i t hms  
w h i c h  w o r k  F o r  many t e x t b o o k  p r o b l e m ~ ,  
b u t  w h i c h  do n o t  i n v o l v e  a n y t h i n g  t h a t  
c o u l d  r e a s o n a b l y  be c a l l e d  a s e m a n t i c  
understanding oF a l g e b r a .  M a n y  wul-d 
p r o b l e m s  a r e  c o n s t r u c t e d  so t h a t  t h e y  can  
be solved through a t r i v i a l  
word- to-symbol  matching a lgo r i t hm.  
O t h e r s ,  such  as  p h y s i c s  p r o b l e m s ,  ~ r e  
given in  a h i gh l y  r e s t r i c t e d  con tex t ,  
w h e r e  t h e r e  a r e  o n l y  t w o  o r  th~.ee 
p re taught  equat ions to choose betwee11. 
This choice can be made e i t h e r  by p i ck i ng  
the one equat ion which con ta ins  a l l  oF 
the given v a r i a b l e s  or through u n i t s  
ana lys is .  While these techniques may he 
p a r t i a l l y  successful  in many classroom 
s i t u a t i o n s ,  they are too p r i m i t i v e  and 
u n r e l i a b l e  to  be t r u s t e d  in any but the 
most r o u t i n e  a p p l i c a t i o n s .  

I n  o r d e r  t o  p u r s u e  t h e  s o u r c e  oF 
t h e s e  e r r o r s ,  we c o n d u c t e d  a u d i o  and 
v ideo- taped  i n t e r v i e w s  w i th  20 students 
who w e r e  a s k e d  t o  t h i n k  o u t  l o u d  as  t h e y  
w o r k e d  t h e s e  and o t h e r  r e l a t e d  p r o b l e m s .  
On t h e  " S t u d e n t s  and P r o F e s s o r s  " p r o b l e m  
we were ab le  to  i d e n t i f y  two s t r a t e g i e s  
which led to the r e v e r s a l  e r ro r .  In the 
F i r s t ,  the s tudent  s imply assumed t h a t  
t h e  o r d e r  o r  c o n t i g u i t y  oF key  w o r d s  i n  
the Engl ish language problem statement 
mapped d i r e c t l y  i n t o  the order  oF symbols 
appearing in  the a l g e b r a i c  equat ion. For 
example, one s tudent  wrote 6S = P and 
exp la ined:  

"Well ,  the problem s ta tes  i t  
r i g h t  oFF: "6 t imes students.  ' 
So i t  w i l l  be s ix  t imes S i s  
e q u a l  t o  p r o f e s s o r s . "  
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In t h i s  type  oF s t r a t e g y ,  the s tudent  
appears to  be using the syntax oF the 
Eng l ish  problem s ta tement  - - -  and no t  ~n 
unders tand ing oF the problem i t s e l f  ..... 
on which to  base h i s / h e r  t r a n s l a t i o n  
p r o c e s s .  W e a k n e s s e s  i n  t h i s  t y p e  oF 
d i r e c t  t r a n s l a t i o n  s t r a t e g y  have 
p r e v i o u s l y  been analyzed bg Paige and 
Simon[19&b]. 

On t h e  o t h e r  h a n d ,  i n  a s e c o n d  
i n c o r r e c t  s t r a t e g y ,  s t u d e n t s  a c t e d  a s  i F  
they d id u t i l i z e  an accura te  
r e p r e s e n t a t i o n  oF t h e  meaning oF t h e  
p r o b l e m .  H o w e v e r ,  r e v e r s a l  e r r o r s  
a p p e a r e d  to  a r i s e  because oF con fus ion  

I I  

P r o b l e m  

about the semantics oF the a l g e b r a i c  
equat ion.  For example, one subJect wro te  
'6S = 1P" and exp la i ned :  

"The re ' s  s i x  t imes as many 
s tudents ,  which means i t ' s  s i x  
s t u d e n t s  t o  o n e  p r o f e s s o r  and  
t h i s  ( p o i n t s  to  bS) i s  s i x  t imes 
as many s tudents  as t h e r e  are 
p r o f e s s o r s  ( p o i n t s  t o  1P) .  " 

When asked to  draw a p i c t u r e  to  
i l l u s t r a t e  h is  equa t ion ,  the s tudent  dre~ 
From r i g h t  to  l e f t  one c i r c l e  w i th  a "P" 
in  i t ,  an equal s ign,  and s i x  c i r c l e s  
w i t h  " S ' s "  i n  t hem.  S u b J e c t s  such  a s  t h e  

Wr i te an equa t ion  using the v a r i a b l e s  S and P to  r e p r e s e n t  the 
Fo l l ow ing  s tatement :  "There are ~ ix  t imes as m a n y  s tudents  as 
p ro fesso rs  a t  t h i s  U n i v e r s i t y . "  Use S For the number oF s tudents  and 
P For the number oF p ro fessors .  

Sample Size % Cor rec t  % I n c o r r e c t  

150 63 37 

P r o b l e m  2:  

Wr i te an equa t ion  using the v a r i a b l e s  C and S to  r e p r e s e n t  the 
Fo l l ow ing  s ta tement :  "At M indy 's  r e s t a u r a n t ,  For every  Four people 
who o r d e r  c h e e s e c a k e ,  t h e r e  a r e  F i v e  p e o p l e  who o r d e r e d  s t r u d e l . "  L e t  
C r ep resen t  the number o# cheesecakes and S rep resen t  the number oF 
s t r ude l s .  

Sample Size % Cor rec t  % I n c o r r e c t  

150 27 73 

~Toble~ 3_.L 

Spies F l g  over the Norun A i r p l a n e  ManuFacturers and r e t u r n  w i t h  an 
a e r i a l  photograph oF the new plpnes in the yard. 

They are F a i r l y  c e r t a i n  t h a t  they have photographed a r e p r e s e n t a t i v e  
sample oF one week's p roduc t ion .  Wr i te  an equa t ion  using the l e t t e r s  
R and B t h a t  descr ibes  the r e l a t i o n s h i p  between the number oF red 
a i r p l a n e s  and the number oF b lue planes produced. The equa t ion  should 
a l l o w  you to  c a l c u l a t e  the number oF b lue planes produced in  a month 
iF you know the number oF red p lanes produced in  a month. 

Sample Size % Cor rec t  % I n c o r r e c t  

34 32 68 

Table I 
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above seem to  use an accura te  model oF 
the p r a c t i c a l  s i t u a t i o n ,  but they s t i l l  
F a i l  t o  symbol ize t h a t  unders tand ing  w i t h  
t h e  c o r r e c t  equat ion.  

Appa ren t l y  such sub jec ts  i n t e r p r e t  
the reversed  equa t ion ,  '6S = P~, as 
s t a t i n g  t h a t  a l a rge  group oF s tudents  
a r e  a s s o c i a t e d  w i t h  a s m a l l  g r o u p  oF 
p ro fessors .  To these s tudents  the l e t t e r  
" P "  s t a n d s  F o r  " a  p r o f e s s o r "  r a t h e r  t h a n  
" t h e  n u m b e r  oF p r o f e s s o r s "  and  t h e  ee..q__ua]. 
~ iqn exoresses a comoarison or 
a s s o c i a t i o n  r a t h e r  than an equivalence..  
The F a c t  t h a t  t h e  " S "  s i d e  oF t h e  
equa t i on  has a "b" on i t  i n d i c a t e s  t h a t  
i t  i s  l a r g e r  than the "P" s ide which has 
no m o d i f i e r .  Thus, t he re  appear t o  be 
more S 's  than t h e r e  are P's.  Thus the 
s tuden t  a t tempts  to  w r i t e  the a l g e b r a i c  
equa t i on  "6S = P~ as a " F i g u r a t i v e "  
s ta tement ,  d e s c r i b i n g  a pass ive  p_~.~.t~e 
in  which r e l a t i v e  s i zes  oF the e n t i t i e s  
are rep resen ted .  

This  c o n t r a s t s  to  the c o r r e c t  
equa t i on  "S = 6P',  which needs to  be 
viewed as express ing  an a ~ t i v e  operatJ~+~ 
being performed on one number ( the  number 
oF p r o f e s s o r s )  in  o rder  t o  o b t a i n  ano the r  
number ( the  number oF s tuden ts ) .  ] he  
c o r r e c t  equa t ion ,  S = 6P, does no t  
desc r ibe  s izes  oF the groups in  a l i t e r a l  
or d i r e c t  manner. Rather,  i t  desc r ibes  
an equ i va lence  r e l a t i o n  t h a t  would occur 
i F  o n e  w e r e  t o  make  t h e  g r o u p  oF 
p ro fesso rs  s i x  t imes l a r g e r .  In o the r  
words, the equa t i on  S = 6P i s  no t  a 
d i r e c t  d e s c r i p t i o n  oF the a c t u a l  
s i t u t a t i o n ,  but r a t h e r ,  i t  r e p r e s e n t s  the 
h y p o t h e t i c a l  s t a t e  oF aFFai rs  which ~ould 
r e s u l t  a f t e r  pe r fo rm ing  the o p e r a t i o n  oF 
m u l t i p l y i n g  the c u r r e n t  number oF 
p ro fesso rs  by 6. While some  s tuden ts  
Find the c o r r e c t  equa t i on  through t r i a l  
and e r r o r  bg w r i t i n g  the r e v e r s e d  
equa t ion  F i r s t  and then p lugg ing  ~n 
numbers as a checks our a n a l y s i s  oF 
p r o t o c o l s  F rom successfu l  s o l u t i o n s  
i n d i c a t e s  t h a t  the key to  F u l l q  
unders tand ing the c o r r e c t  t r a n s l a t i o n  
l i e s  in  v i ew ing  the number s ix  as an 
o p e r a t o r  which t rans fo rms  the number oF 
p ro fesso rs  i n t o  the number oF s tudents .  
One s u b j e c t  who c o r r e c t l y  wro te  S = 6P 
sa id :  

" IF  you ~ant  to  even out  the 
number oF s tudents  to  the number 
oF p r o f e s s o r s ,  y o u ' d  h a v e  t o  
h a v e  s i x  t imes as mang 
p r o f e s s o r s . "  

The equa t i on  i s  thus i n t e r p r e t e d  in  a 
p rocedura l  manner as an i n s t r u c t i o n  to  
a~t. 

In  the above ana lgs i s ,  a comparison 
was m a d e  between two ways oF v iew ing  
equat ions.  While the d i s t i n c t i o n  may be 
sub t l e ,  i t  i s  none the less  c r i t i c a l .  We 
s t ress  t h i s  issue, s ince,  a~ 
m a t h e m a t i c a l l y  l i t e r a t e  a d u l t s ,  i t  i s  
d i F F i c u l t  to  imagine no t  v i ew ing  an 
equa t i on  as s p e c i f y i n g  o p e r a t i o n s  on 
v a r i a b l e  q u a n t i t i e s .  Nonetheless,  oul- 
i n t e r v i e w  data suggest t h a t  t h i s  
v i e w p o i n t  i s  a b s t r a c t  and e l u s i v e  Peer 
many students.  

IV. Computer Proqrams vs. A~qeb~ajc 
Equat ions:  Exper imen ta l  Resu l ts  

On the bas is  oF the Foregoing 
a n a l g s i s ,  we developed the Fol low~ng 
hypo thes is :  iF s tuden ts  were placed in  
an env i ronment  which could induce them to  
take  a more a c t i v e ,  p rocedu ra l  v iew oF 
equa t ions ,  then the e r r o r  r a t e  on th~se 
p r o b l e m s  s h o u l d  go down.  One c l e a r  
cand ida te  For such an env i ronment  i s  t h a t  
oF c o m p u t e r  programming. That i~,  a 
computer program i s  a d e f i n i t e  
p r e s c r i p t i o n  For a c t i o n ;  i t  i s  a set  oF 
commands w h i c h  produces some  r e s u l t .  
Below, we p resen t  e m p i r i c a l  t e s t s  oF t h i s  
hypo thes i s ;  in  the nex t  s e c t i o n  we s h a l l  
p resen t  our a n a l y s i s  oF these resu l ts . .  

Exoer iment  

In t h i s  exper iment ,  our sub jec ts  
were 17 p r o f e s s i o n a l  eng ineers ,  w i t h  10 
to  30 years exper ience ,  who were t a k i n g  a 
one week i n t e n s i v e  course on the BASIC 
programming language. At the beg inn ing  
oF the F i r s t  day oF the course, beFoT-e 
any i n s t r u c t i o n  had begun on BASIC, they 
were asked to  so l ve  problem 1 in  Table ~. 
We were supr ised to  Find t h a t  47% oF 
these p r a c t i c i n g  eng ineers  missed t h i s  
p r o b l e m !  On t h e  s e c o n d  d a y  oF t h e  
course, a f t e r  the s tudents  had w r i t t e n  
and run programs using assignment 
s ta tments ,  c o n d i t i o n a l  s ta tements ,  and 
F o r - n e x t  loops,  and w i t h o u t  ang 
d i scuss ion  oF the answers to  the  above 
ques t ions ,  the s tudents  were asked to  
so l ve  problem 2 in  Table 2. A l l  sub jec t s  
answered t h i s  ques t i on  c o r r e c t l y  using 
the s ta tement  LET B = (11 -H) /6  (o r  sonle 
v a r i a n t )  in  t h e i r  program. Note t h a t  the 
Form oF t h i s  s ta tement  i s  e q u i v a l e n t  t o  
t h a t  oF the c o r r e c t  answer to  the Fi~'st 
equat ion .  A l t h o u g h  t h i s  r e s u l t  c o u l d  
c o n c e i v a b l y  have been due to  a " p r a c t i c e  
eFFect" From having done the p rev i ous  
problem, we s t r o n g l y  Suspect t h a t  such an 
eFFect alon~, could no t  be r e s p o n s i b l e  Pot 
so l a r g e  a jump i n  p e r f o r m a n c e .  
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Experiment 

In t h i s  experiment,  our sub jec ts  
were p r i m a r i l g  Freshmen and sophomores ~n 
a course on machine and assembly language 
programming. This t ime, however, h a l f  
the c lass was given problem 1 in Table 3, 
wh i le  the o ther  hale was s imul taneous ly  
given problem 2 in Table 3. The only 
d i f f e r e n c e  in the quest ions i s  t h a t  the 
l a t t e r  asks ~or a computer p~og~am wh~]e 
the Former asks For an a l g e b r a i c  
equation. As i nd i ca ted  in Table 3, 
s i g n i f i c a n t l y  more students could ~oIve 
problem 1 than could solve problem ~. 
P r o b a b i l i t y  oP these r e s u l t s  on the 
assumption t ha t  e r r o r s  on each problem 
were equa l l y  l i k e l y  i s  p { .05. 

Experiment 

The a b o v e  2 e x p e r i m e n t s  e x p l o r e d  t h P  
w r i t i n q  oF c o m p u t e r  p r o g r a m s  o~ 
equations. However, in the study 
mentioned e a r l i e r ,  Clement, Lochhead and 
Monk [1979] observed t h a t  ~e~di~tg~ 
equat ions a lso gave students a g rea t  de~l 
oF t roub le .  That is ,  m a n y  students 
~a i led  to w r i t e  a c o r r e c t  exp lana t ion  oF 

P r o b l e m  1: 

t h e  r e l a t i o n s h i p  e x p r e s s e d  by t h e  
e q u a t i o n .  F o l l o w i n g  t h e  h y p o t h e s i s  
o u t l i n e d  above, we wanted to compare the 
r e s u l t s  oF students reading ~nd 
e x p l a i n i n g  an e q u a t i o n ,  w h i c h  ~as  
embedded  i n  a c o m p u t e r  p r o g r a m ,  w i t h  
s tudents reading and exp la i n i ng  an 
equat ion,  which stood alone. The two 
quest ions in Table 4 were given as p a r t  
oF an 11 quest ion t e s t  to 87, most ly 
Freshman, engineer ing students. The 
d i F F e r e n c e  b e t w e e n  t h e  g r o u p s  u, h i c h  
answered one c o r r e c t l y  but the o ther  
i n c o r r e c t l y  i s  qu i t e  i n t e r e s t i n g .  
Namely, the group o~ students ~ho 
answered the computer problem c o r r e c t l y  
(problem 2, Table 4), but the equ~t i tm 
problem i n c o r r e c t l y  (p~oblem 1, Table 4) 
was more than 3 t imes as la rge  as the 
g~oup who a n s w e r e d  t h e  e q u a t i o n  p r o b l e m  
c o r r e c t l y ,  but missed the computer 
problem. This d i f f e r e n c e  is  signiPJcar, t 
a t  the .005 leve l .  Here again, we see 
t ha t  the programming environment 
F a c i l i t a t e d  the s tudents"  unde~standiT,g. 

given the Fo l lowing statement: 

"At the l a s t  Foo tba l l  game, Fo~ every 4 people who bought sandwiches, 
there were 5 who bought hamburgers." 

Wri te an equat ion which represents  the above statement. Use S #or the 
number o~ people who bought sandwiches, and H For number oF people 
who b o u g h t  h a m b u r g e r s  

Sample Size % Co~rect X I n c o r r e c t  

17 53 47 

Problem 

given the ~o l low ing  statement:  

" A t  t h e  l a s t  company  c o c k t a i l  p a r t y ,  ~ol ,  e v e r y  6 p e o p l e  who d r a n k  
h a r d  l i q u o u r ,  t h e m e  wewe 11 p e o p l e  who d ~ n k  b e e r .  '° 

Wri te a computer program in BASIC which w i l l  output  the number oF 
beer d r i nke rs  when suppl ied ( v i a  user inpu t  at  the t e r m i n a l )  w i th  the 
number oF hard l i q u o u r  d r inkers .  Use H Po~ the number oP people who 
drank hard l i q u o u r ,  and B ~o~ the numbel- o~ people who drank beer. 

Sample Size % Correc t  % I n c o r r e c t  

17 100 0 

Table 2 
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P~gb!em 1_: 

given the Fo l lowing statement:  

"At the l a s t  company c o c k t a i l  par ty ,  Fo~ + evewy 6 people who drank 
hard l iquou~,  there  were 11 people who d¢~nk beew." 

Wri te a computer p~og~am in BASIC which w i l l  output  the number oF 
beer d~inke~s when suppl ied ( v i a  user inpu t  a t  the t e r m i n a l )  w i th  the 
number oF hard l iquou~ d r inkers .  Use H Fu~" the number oF people who 
drank hard l iquou~, and B For the number, oF people who d~ank beer. 

Sample Size % C o ~ e c t  % I n c o r r e c t  

52 69 31 

P~Qblem 2_/. 

g iven the Fo l lowing statement:  

"At the l a s t  company c o c k t a i l  pa t t y ,  Foe every b people who drank 
hard l iquou~,  there  were 11 people who drank beer . "  

Wri te an equat ion which ~ep~esents the above statement. Use H Fow the 
number oF people who drank hard liquou~+ and B Fo~ the numbe~ oF 
people who d~ank beer. 

Sample Size % C o ~ e c t  % Incorwect  

51 45 55 

P r o b a b i l i t y  oF these ~esu l t s  on the assumption t h a t  e~o~s  
problem were equa l l y  l i k e l y  i s  p < .05 

Table 3 

on each 

I I I I II I III 

~.~oblem ~_L 

W~ite a sentence in Engl ish t h a t  g ives the same i n f o r m a t i o n  as the 
Fo l lowing equat ion:  

A = 7S 

A i s  the numbe~ oF assemblews in a FBctc,~y. 
S is  the number oF so lde re rs  in a Fa¢+to+.y. 

P r o b l e m  2_/. 

P~og~am Kayak  
I n p u t  I 
K =  I - 2  
P r i n t  K 
End 

For the above computer p~og~am descr ibe  in Engl ish the mathemat ical  
r e l a t i o n s h i p  which e x i s t s  between I ,  this number oF Ig loos ,  and K, the 
number  oF Kayaks .  

CQmDarison ~ .  P r o b l e m ' !  and Problem 

a. Numbe~ oF people who got 1 compeer, but 2 inco~wect 5 
b. Numbe~ oF people who got ~ ,o r . fee t ,  but 1 i n c o r r e c t  18 

P r o b a b i l i t y  oF these ~esu l t s  on the assumption t h a t  case a and b were 
equa l l y  l i k e l y  i s  < .005 

Table 4 
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V~_ Whq ! Proqramminq Context Decreases 
Reversal Ewrors; Some HUDotheses 

The ~ange oF experiments we have 
ca r r i ed  out has provided us w i th  
compel l ing evidence as to the p o s i t i v e  
c o n t r i b u t i o n  oF a programming environment 
to  c e r t a i n  types oF problem so lv ing .  
These r e s u l t s  are even more s t r i k i n g  when 
one r e a l i z e s  t ha t ,  a p r i o r i ,  one would 
th ink  t h a t  w r i t i n g  a computer program 
would be more d i F F i c u l t  than w r i t i n g  an 
equation. We have F o r m e d  several  
h y p o t h e s e s ,  any number oF w h i c h  c o u l d  
e x p l a i n  why s t u d e n t s  c o u l d  s o l v e  t h e  
problems b e t t e r  in a programming 
environment: 

1. Unambiauous semantics ~F 
proqramm,,~ q lanq.ua~e. 
cons t ruc t ions .  While va~'ious 
mathematical  symbols ( e . g . ,  the 
equa ls -s ign )  are o f ten  open to a 
v a r i e t y  oF i n t e r p r e t a t i o n s  in 
mathematics (see [Kaput 1979b]), 
programming  l a n g u a g e s  r e q u i r e  
t h a t  only one i n t e r p r e t a t i o n  be 
a s s o c i a t e d  w i t h  each symbol ,  
This Fact i s  usua l l y  emphasized 
in programming l anguage  
i n s t r u c t i o n .  For  example ,  t h e  
meaning oF '= '  in ' I  = I + I '  i s  
e x p l i c i t l y  def ined as an ac t  oF 
replacement,  i . e . ,  the value oF 
the r i g h t  side oF the equat ion 
becomes the new value oF the 
v a r i a b l e  on the le~t .  Also, the 
i n t e r p r e t a t i o n  oF v a r i a b l e s  ~s 
c lea r ,  i . e . ,  t hey  stand For 
numbers which are acted on by 
operators.  

2. E . x p l i c i t o e s s  r e q u i r e d  .~L t h e  
s q n t a x  .~. p roaramminq !anqu~qe~ ..... 
The Fact t ha t  one must w r i t e  
"6-S ~ r a t h e r  than simply "6S ~ 
might serve to prompt  one t o  
view tha t  expression o p e r a t i v e l y  
as meaning " s i x  t imes the number 
oF s tudents"  r a t h e r  than F a l l i n g  
i n t o  the e r r o r  oF v iewing i t  
d e s c r i p t i v e l y  as " s i x  s t u d e n t s " .  

3. Viewin9 a_n ~'equatiqn" ir_~ 
prooramminq  lanquaqe a_s a!~ 
a c t i v e  i n p u t / o u t p u t +  
t rans fo rmat ion .  That i s ,  the 
r i g h t  hand side oF the equat ion 
( the i npu t )  i s  operated on to 
produce a value For the l e f t  
hand s i d e  ( t h e  o u t p u t ) .  

4.  T,he p r a c t i c e  o_.f. ~ e b , u , q ~  
proa~ams. While students may 
not be encouraged to "run t h e i r  
equat ions"  in  t y p i c ~ l  
mathematics courses, t h i s  
concept oF ac tua l  number t e s t i n g  
i s  an i n t e g r a l  pa r t  o f  
programming and p rogramming  
education. 

5. The p r a c t i c e  o._p. decomoosinQ 
problem i n t o  e x p l i c i t  steps._ A 
number oF students solved the 
compute r  p rogram p r o b l e m  by 
w r i t i n g  down a two s tep  sequence  
oF o p e r a t i o n s ,  

X = B/6 
B = 11-X 

One i n t e r p r e t a t i o n  For t h i s  
phemenon might be t h a t  students 
"saw"  p a r t i a l  r e s u l t s  " p r o d u c e d "  
on the way to the so lu t i on .  

VI. Conc. l .udinq Remarks 

The e m p i r i c a l  evidence descr ibed 
here in i s  in general agreement w i th  t h a t  
obtained by the °'macro" study k i t e d  
e a r l i e r .  However, our  research method 
has a l lowed us to develop s p e c i f i c  
hypotheses concerning Factors in  a 
programing language which c o n t r i b u t e  to  
improved problem so lv ing .  Cur ren t l y ,  ~e 
are con t inu ing  to v ideo - tape  students as 
t h e y  s o l v e  p rob lems ,  and hope t o  
e s t a b l i s h  exac t l y  w h i c h  aspects oF 
programming are most impor tan t  to  
overcoming the reve rsa l  e r ro r .  Our 
p r e l i m i n a r y  c l i n i c a l  r e s u l t s  in t h i s  area 
po in t  to  Factors 1,2 and 3 above as the 
most impor tan t ,  but Fur ther  c l i n i c a l  data 
i s  requ i red  to conf i rm t h i s  observat ion.  

In summary, r e s u l t s  F r o m  w r i t t e n  
t es t s  and c l i n i c a l  i n t e r v i e w s  have shown 
tha t  m a n y  science o r i en ted  c o l l e g e  
students have ser ious d i F F i c u l t y  w i th  the 
semantics oF a l geb ra i c  n o t a t i o n  - - -  a 
d i F F i c u l t y  in l ea rn ing  to view equat ions 
as a c t i v e  opera t ions  on v a r i a b l e  
q u a n t i t i e s  r a t h e r  than as statements 
which descr ibe a s t a t i c  scene. Perhaps 
t h i s  i s  not  so su rp i s ing ,  cons ider ing  the 
strong emphasis in secondary schools on 
equat ion man ipu la t ion  in word problems. 
Symbol man ipu la t i on  r u l e s  can 
t h e o r e t i c a l l y  be learned in school as 
" l e g a l "  pa t t e rns  oF l e t t e r  movements 
w i t hou t  any semantic u n d e r p i n n i n g .  
Computer programming, however, puts a 
na tu ra l  emphasis p r e c i s e l y  on the a c t i v e ,  
procedura l  semantics oF equat ions t h a t  so 
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many students apparently lack. ]hu~, 
while ouw current ~esults must be viewed 
as prel iminary,  they d i~ect lg suggest 
that  i t  would be bene f i c ia l  to 
incorporate computer programming in to  
h igh  s c h o o l  a l g e b r a  c o u r s e s ,  and, we 
suspect, in to  other mathematics courses 
as well .  
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